Adiabatic circular Couette flow with temperature-dependent viscosity  by Boudourides, Moses A
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 152, 461469 (1990) 
Adiabatic Circular Couette Flow with 
Temperature- Dependent Viscosity 
MOSES A. BOUDOURIDES 
Section of Physics and Applied Marhematics, 
Democritus University of Thrace, 671 00 Xanthi, Greece 
Submilted by Avner Friedman 
Received January 17, 1989 
We study the system of parabolic and hyperbolic one-dimensional partial 
differential equations governing the adiabatic rotational flow, with temperature- 
dependent viscosity, in the annulus between two coaxial rotating cylinders with 
given angular velocities. Under suitable assumptions on the temperature 
dependence of viscosity, it is shown that solutions are attracted by a circular 
Couette flow protile with temperature always increasing. The proof is based on a 
priori estimates, obtained by the help of certain identities for solutions of the 
governing equations. 0 1990 Academic Press. Inc. 
We consider an incompressible Newtonian viscous fluid in the region 
between two concentric circular solid cylinders of radius r, and rz (>r,). 
We are interested in the flow produced by the rotation of the bounding 
cylinders, given that the inner cylinder is rotating about their common axis 
with angular velocity w1 and the outer cylinder is rotating with angular 
velocity w2 ( # wl). We assume that the viscosity of the fluid depends on its 
temperature and that the flow is performed under adiabatic conditions (no 
thermal diffusion). 
The distribution of angular velocity and temperature in this flow (usually 
named circular Couette flow) is determined by a qualitative study of the 
solutions of the system of partial differential equations governing the flow. 
Essentially, the system consists of a parabolic coupled with a hyperbolic 
equation, both in one space dimension. So, the asymptotic behavior of the 
solutions depends on the outcome of the contest between the destabilizing 
effect of hyperbolicity and the stabilizing effect of parabolicity. 
Denoting by w the angular velocity, c the shear stress and 8 the tem- 
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perature, the adiabatic circular Couette flow is governed by the following 
momentum and energy balances (see [ 1 ] for their derivation) 
w, = L 
r3 
(r2a), 
I 
(1.1) 
r,<r<r,,O<t<co. 
0, = orw, (1.2) 
The shear stress is 
f7 = p(e) rw, (1.3) 
and the viscosity coefficient p is assumed to be a decreasing positive 
function of temperature (as typically for liquids) of the form 
/L(e) = 8 ‘i, y > 0. (1.4) 
The above system is accompanied with the following boundary and 
initial conditions: 
w(r,, t)=wl, w(r2, t) = w2, O<ttm, (1.5) 
w(r, 0) = we(r), 6(r, 0) = Qo(r), r, <r&r,. (1.6) 
It is very interesting that p is allowed to tend to zero as 8 + co (which 
is the case, because of the positivity of the right-hand side of (1.2)). Then 
it is conceivable that the asymptotic distribution of w,. is not uniform. 
However, we show that under the condition 0 < y < 1, no non-uniformities 
develop and the flow approaches asymptotically the profile of the steady 
circular Couette flow 
A = (WI - w2) 44 
2 2 
B= w2r2- wlrl 
r:-rT ’ r:-rf 
This in included in our following main result. 
THEOREM. Assume that 0cy-c 1, wOs W2~2(r,,r,), t30~ W’,‘(r,, r2), 
wo(rI)=w,, w0(r2)=w2, B,(r)>O, r,<rbr,. Then there is a unique 
solution w(r, t), e(r, t) of (l.l), (1.2), (1.5), (1.6) on [r,, r2] x [O, co) and, 
as t--,oO. 
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w(r, c)=~+B+O(f~(l~y)i(l+y)), (1.8) 
w,(r, t)= O(t-‘), (1.9) 
-j--&(P+‘(r, r)-e~+l(r))=~l+o(r’i/(l+~)), (1.10) 
uniformly in r e [rl, r2]. 
Thus, in the present situation, dissipation wins over and enforces 
asymptotic stability of the steady circular Couette flow. Similar results for 
plane Couette flows were obtained in [3,4,2] for planar and circular 
Couette flows with other boundary conditions. 
To prove our theorem we proceed by assuming that w(r, t), 6(r, c) 
is a solution of (l.l), (1.2), (1.5), (1.6) on [r,, rz] x [IO, co) such that 
w, w,, w,, w,,, 6 ore C(CO, ~1; L2(rl, r2)), W,,E C((O, a); L2(rl, r2)), and 
w,, E ~~,,((O, 02 ); L*(r i, r2)). Following the method of [3,4], we establish 
a priori estimates, which lead to the proof of the Theorem. In what follows, 
K stands for a generic positive constant, which can be estimated from 
above solely in terms of y, rl , rz, wl, w2, and the norms of wO, BO. 
We rewrite (l.l), (1.2) as 
w, = L (r30pyw,)r, 
r’ 
8, = r28-‘wf. 
(1.11) 
(1.12) 
Multiplying ( 1.11) by r3w, and integrating in [r,, r,] x [0, t], we obtain 
after integration by parts 
I 
Is 
r2 1 
0 rl 
r3wf dr dr + i I 
12 
r3&ywz dr + g “-‘w;’ dr dt 
ri 
1 
s 
r2 
=- r3FYw2 dr 
2,, O Or’ 
from which it is implied that 
, 
IS 
‘2 
wfdrdr<K, OdC<co. 
0 r, 
(1.13) 
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Multiplying (1.12) by ~(0) and using (1.3) we get 
and we can easily verify that 
(1.14) 
(1.15) 
Therefore, setting 
((t)=l+/;j-ya’drd~, O<t<co, (1.16) 
we deduce from (1.14) and (1.15) using Cauchy-Schwarz indequality and 
(1.13) 
K~‘~l/(‘-v)~~~K~‘/(‘~v~ r,<r<r,,O<t<co. (1.17) 
We proceed to estimate the integral of 0’. Because of (1.17) 
s ‘2 a’dr= r2&~'Wf dr>K~l#-2v/(l-vy). (1.18) r, 
Also, again by ( 1.17), 
‘= a.z d,. <&-V/(1-Y) s r3Cvwf dr. (1.19) r, 
In order to estimate the right-hand side of (1.19), we multiply (1.11) by 
r3tw, and integrate to obtain, by account of (1.12), 
f 
IS 
‘2 
r3Twf dr dz + f 
s 
rz 
r3%-yw2 dr + 21 
I 
IS 
‘2 
r 2 0 
r5z0-2Y-1wf dr dt 
0 ,I 71 r, 
1 
5 
r2 1 
s 
r2 
=- 
2 ‘I 
rBdr--2 r6, dr. (1.20) 
7, 
Combining (1.19) and (1.20) 
s ‘2 ‘1 a2dr<K#-(I+V);ll-v)f (1.21) 
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If we multiply (1.11) by r3w and integrate we get 
1 
s 
,= 3 2 
s 
r2 
j 
I 
i 
,2 
z r, 
rw dr+ rL3 dr = r*wol::f dz + ~0, dr, 
,I 0 ,l 
and by Cauchy-Schwarz inequality 
{j~rOdr~<Ktj~ (a2(r,, 5) + o*(r,, z)) dz + K 
i.e., using (1.13) and (1.16), 
’ < Kt$ -I- K, o<t<co. 
Combining (1.21) and (1.22) 
From (1.18), (1.23) and since 
(1.22) 
(1.23) 
we obtain 
K-‘t(‘-Y)/(‘+Y)< , 4 < Kt” -I)/(1 +Y), 1<t<co, (1.24) 
i.e., the following estimates for the L’(r,, rZ)-norm of u 
K-'t-2Y/('+Y)< '* 
\ 
s 
,,2 d,. < Kt-2Y/(l +Y), l<t<co, (1.25) 
r, 
yielding, after (1.17), the uniform estimates for 8 
K-'t'/('+Y)~e~Kt'"'+Y', r,brdr,, l<t<co. (1.26) 
Next we estimate the L’(r, , rJ-norm of w,. To this purpose, differen- 
tiating (1.11) with respect o t, we get 
w,,= (r30--yw,,-yr58-2Y-1~~),. (1.27) 
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Multiplying (1.27) by r3w, and integrating in [r,, rz] results 
1 d 
I 
‘2 
r’wf dr + 
i 
‘2 
-- 
2 dt 
r3e -yw2 & = i-f Y s 
‘? &gy - 103w d,. i-f f 
r, ‘I ‘1 
i.e., applying the Cauchy-Schwarz inequality 
d ‘2 
ii r, s 
r’wf dr + 
s 
‘2 ‘Z 
r3VYwfi dr G K 
s 
re3Y- 2a6 dr. 
‘I ‘I 
Using (1.26), (1.25), and (1.1) in the last relation, we obtain 
d c 
iii’, f s rjw2 dr + K-it-Y/(1 f?) s ” wft dr ‘1 
~Kt-(2+37)/(1+y)+Kt-2 {s:,’ wf, dr]l”. 
whence 
d ‘2 
ii r, I 
r3W;dr+K-lt-Y/(l+?) 
Integration of the last differential inequality yields 
w:dr<Ktp2, o<t<co. (1.28) 
The next step is to estimate the L’(r,, rZ)-norm of 0’. Differentiating 
(1.14) with respect to r and using (1.1) we get 
4 (e-ye,), = 2raw, - - a2. 
r 
(1.29) 
Since (1.25) and (1.28) imply 
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we obtain from (1.19), using (1.26), 
Now, we can estimate the L’(r), r?)-norm of (POW,),. Indeed, as by (1.1 ), 
(1.3), and (1.4), 
(r3w,), = yr28Y- ‘op + Y3m-v,. 
Because of (1.15), (l-25), and (1.28) 
(1.31) 
<K-r 
b/Cl +?I 
Hence, combining (l-31), (1.32), (l-26), and (l-28), we obtain 
(1.32) 
I ‘i @.3w,),l &<Kt-(‘-‘M’fY), o<t<co. (1.33) r, 
Now, because of (1.5), there is a FE (I-,, rz) such that 
M’> - WI 
w,(Y, t)=- 
r2-r, ’ 
o<t<co. 
Hence, 
where 
W2-W1 
c,+- and c*3w1+~ 
r2-rl 2rf‘ 
So, (1.34), (1.35), and (1.33) imply 
(1.34) 
(1.35) 
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from which (1.7) and (1.8) follow, since taking into account (1.5) for r + GO 
results cr = -2A and c2 = B. 
Estimate (1.10) follows easily from (1.7), because according to (1.2), 
It remains to show (1.9). Indeed, multiplying (1.27) by r’t’w, and 
integrating, we get 
1 
s 
0 I JJ f-2 
, 
r3w2 dr - r’Twf dr dr + JJ ‘2 -t2 f 2 r3T2Wy wzt dr dz ,I 0 ,l 0 ,I I 
JJ 
‘2 =Y r5T20 ~- 2y- ‘wz w,, dr dz, 
0 ,I 
from which, with the help of (1.28), (1.26), (1.7), and the Cauchy-Schwarz 
inequality, we obtain 
I 
JJ 
,2 
r3t2& ‘IV:, dr dz < Kt’/(’ + y), Odf<ca (1.36) 
0 ,l 
Next, we multiply (1.27) by r’t’w,, and integrate to take after some integra- 
tions by parts f SI r2 ‘2 3 3 2 1 r z w,, dr ds + - t3 r38-5tf, dr 0 ,I s 2 ,l 
3 r ‘2 7 I,2 
=- JJ 2 0 r, r3r20-y~f, dr ds -y y JJ 2y-1wswf, dr dt 0 ,l r5r30- 
+ yt’ J 
‘2 I 
r% ~ 2y ~ ‘wj w,, dr - 3y 
,l JJ 
,2 
0 ‘1 r5z2e- 
2y ~ ‘wz w,, dr dt 
+ ~(3 + 1) 1: Jr: r5r3d-3y- ‘w: w,, dr dz, 
which yields, combined with (1.36), (1.7), and (1.26), 
I 
0 
wf, dr< Kte2, o<t<co. 
,I 
The last estimate and (1.5) imply (1.9). 
Once the above a priori estimates have been derived, the existence 
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of a unique globally defined solution of (1.1) (1.2) (1.5), (1.6) can be 
established by a standard procedure. Actually, having a uniform estimate 
for 8 (by (1.26)) and w (by the maximum principle) one can apply 
Leray-Schauder fixed point theorem (as in [IS]) to show local existence on 
a maximal time interval and then use (1.7) and (1.10) to show that the 
solution cannot escape in finite time. 
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